We study a fully relativistic, two-body, quadratic wave equation for equal mass interacting particles. With this equation the difficulties related to the use of the square roots in the kinetic energy operators are avoided. An energy-dependent effective interaction, also containing quadratic potential operators, is introduced. For pedagogical reasons, it is previously shown that a similar procedure can be also applied to the well-known case of a one-particle Dirac equation. The relationships of our model with other relativistic approaches are briefly discussed. We show that it is possible to write our equation in a covariant form in any reference frame.
Introduction
The study of three-dimensional relativistic wave equations for bound systems is a subject of relevant interest in atomic, nuclear and hadronic physics.
We anticipate that in the case of hadronic physics (that will be analyzed in detail in the present paper) the con-stituent quark models can give a good description of the hadronic spectra (at least of the low-lying states) if a relativistic dynamical model is adopted. But we recall that, also when studying the hyperfine corrections of the atomic energy levels, both the contributions related to the hadronic structure and the contributions given by the relativistic motion of the particles, must be carefully (and simultaneously) examined, as, for example, in the case of the so-called proton radius puzzle for the − and µ − bound systems [1, 2] .
The simplest (and very commonly adopted) procedure to construct a relativistic dynamical model is to consider, in the Center of Mass (CM) of the system, a Hamiltonian operator [3, 4] containing the relativistic energy terms and the interaction operator in the form:
where N is the number of constituents, p and respectively represent the momentum operator and the mass of the i-th constituent and, finally, V is the interaction operator. Throughout the present work we shall mainly deal with CM quantities, so that no special notation will be used for the corresponding operators. (When studying a generalized covariant form of our equation, a specific notation will be introduced). In particular, the momentum operators p are always constrained by the CM condition, that is
In consequence, only N − 1 independent relative momentum operators are actually used in the calculations. In general, the interaction operator V depends on the relative coordinates of the constituents, on their spins and momenta. The form of the spin and momentum dependence is specifically determined by the relativistic and retardation effects associated to the interaction. Considering the Hamiltonian of Eq. (1), the corresponding eigenvalue equation is:
that is usually solved by means of a variational technique. This theoretical procedure for the study of relativistic bound systems presents, at least, the following formal and practical difficulties.
1. From a dynamical point of view, in Eq. (1) the negative-energy states (that, in the context of field theories, are transformed into free-antiparticle states) are excluded from the model at the very beginning of its formulation.
2. The insertion of the interaction V , as given in Eq. (1) , is exactly consistent only for the zero component of a vector field. If a scalar (effective) field is considered, as it is usually done, in particular, for the study ¯ and ¯ spectra [5] [6] [7] [8] , one should add the corresponding scalar interaction operators to the constituent masses by means of the substitution that will be discussed in Section 3. However, these scalar interaction operators would appear in the square roots of the relativistic energies, giving rise to very serious difficulties for the calculations, unless an approximate Taylor expansion of the square roots is performed.
3. Also considering the simplest two-body case and taking special forms for the interaction operator V , it is not easy to find analytic solutions to Eq. (3).
4. When using standard central potentials, the asymptotic behavior of the corresponding wave functions in the coordinate space cannot be determined analytically.
5. As for the variational (numerical) calculations, the matrix elements of the interacion operator V are conveniently calculated by means of a basis of trial wave functions in the coordinate space, given that the leading terms of the interaction are usually represented by central potentials. On the other hand, the matrix elements of the nonlocal relativistic kinetic terms must be calculated in the momentum space. To this aim one has to perform the Fourier transformation of the trial wave functions. We point out that such transformation can be done analytically only for some specific functions. The whole calculation requires, in any case, noticeable computational efforts.
Moreover, as discussed in the previous points, the lack of analytic solutions and the difficulty of studying the asymptotic properties of the wave functions, do not allow for a check of the obtained numerical solutions.
These difficulties represent the main motivations to develop, in the present work, a different approach with the objective of constructing fully relativistic and local constituent quark models. In more detail, the kinetic (quadratic) terms of our equation will represent, without approximations, the relativistic motion of the quarks. The interaction terms will be introduced by means of standard substitutions. Their form, of phenomenological nature, will be chosen in order to reproduce the experimental spectra, taking into account (as far as possible) the general symmetries of the underlying field theory. We recall that the difficulties related to many aspects of Quantum Chromo-Dynamics (QCD), in particular confinement, do not allow for direct analytic calculations. In consequence, we assume that the construction of QCD inspired quark models, (with different phenomenological assumptions) represents, besides lattice investigations, a useful method for the study of hadronic spectroscopy.
The content of the present work will be developed as outlined in the following. For pedagogical reasons, in order to introduce the main concepts (and techniques) of the present model, we shall first revise in Section 2 the well-known case of the onebody Dirac equation. For a special combination of a vector and a scalar potential, the original equation leads to a Schrödinger-like equation (for the upper components of the Dirac 4-spinor) with an energy-dependent effective potential. In more detail, in this equation the kinetic term is given by a local operator proportional to the square of the relative momentum. In this way, an energy-dependent effective interaction is introduced and the eigenvalue of the equation is given by a quadratic function of the physical energy of the system. Obviously, this one-body Dirac equation cannot be applied as such to the study of constituent models for hadronic systems. For this reason, with a similar technique, we derive, in Section 3, our equation for the study of a two-body equal-mass system. Also in this case we obtain an energy dependent, Schrödinger-like equation in which the kinetic term is given by a local operator proportional to the square of the relative momentum. Our procedure essentially consists in writing the free equation for the relative momentum, total energy and constituent mass of the system, then inserting the scalar and vector interactions by means of standard minimal substitutions. Our model is compared with more standard approaches based on three-dimensional reductions of the BetheSalpeter Equation (BSE) [9] [10] [11] [12] [13] [14] and to a very complex procedure based on two-body Dirac equations of constraint dynamics [15] . Two generalizations are introduced in Section 4; in Subsection 4.1 a covariant version of the equation for the study of bound systems in any reference frame is proposed; in Subsection 4.2 the equation is also generalized to the case of two constituents with different mass. In Section 5 we examine some specific cases in which the equation can be solved analytically. Then, we consider a numerical technique to solve the equation in the case of an arbitrary interaction. As an example of physical relevance, in Section 6, we shall study, with a fit procedure, the general structure of the charmonium spectrum by using a definite form of the interaction. Furthermore, by using the same method of numerical solution, we shall also tentatively consider a possible intrinsic energy dependence of the interaction, showing that, in this way, an improvement of the fit of the spectrum can be obtained.
Finally, some conclusions will be drawn in Section 7. Throughout the paper we set¯ = = 1.
The Dirac equation with a special combination of potentials
The content of the present Section has been deeply studied by many authors. See, for example, Refs. [19] [20] [21] [22] .
Here we only present the main results in order to introduce the reader to the case of two interacting particles that will be analyzed in the next Section 3. We recall that the Dirac equation for a free particle is written, in the Hamiltonian form, as:
where E T and p respectively represent the particle total energy and momentum, is its mass and α = γ 0 γ, β = γ 0 are the Dirac matrices, for which, in the present work, the standard representation will used. In the Dirac 4-spinor
the Pauli spinors and χ respectively represent the socalled upper and lower components. We now insert in Eq. (4) the interaction with a scalar and a vector field. To this aim the following standard replacements are made:
for the scalar field, and
for the vector interaction. In the present work we only take the zero component V of the vector interaction disregarding the corresponding spatial (3-vector) part. More explicitly, we set V = 0, considering that terms of this kind give rise only to higher order relativistic contributions. Furthermore, we take central interactions: V = V ( ) and V = V ( ).
With standard handling we can write the interacting Dirac equation directly in the form of two coupled equations for the upper and the lower components:
where the Pauli matrices σ have been introduced explicitly. By means of Eq. (8) the lower components can be expressed in terms of upper ones as:
Incidentally, we recall that, for calculating the nonrelativistic limit, one makes the hypothesis that E T and that 2 >> |V ( ) − V ( )|. In this way, the last equation gives the approximated expression
that is replaced in Eq. (7), so that the standard Schrödinger equation for is finally obtained.
Here we follow an exact procedure considering the following special choice for the potential terms:
Replacing in Eq. (7), with standard handling the following exact equation for is found:
where E T + must be nonvanishing. This equation can be also written in an equivalent form that is more similar to a standard Schrödinger equation. To this aim, we first subtract from the total energy the particle rest mass, defining:
Then, we multiply both sides of Eq. (12) by the quantity
Finally, introducing
Eq. (12) takes the form:
We note that the previous equation contains, in the l.h.s. a standard, local, kinetic operator and an energy dependent effective interaction term. In the r.h.s. D does not represent the energy of the particle but is algebraically related to this (physically relevant) quantity by means of Eqs. (14) and (15) . Furthermore, after solving Eq. (16), the lower components χ can be directly obtained from the solution by using Eqs. (9) and (11) . The relevant point for the present study is that the previous equation (obtained with the special condition of Eq. (11)), is fully relativistic, even though the kinetic term is given by a quadratic operator. Finally, we also highlight that, due to the same condition of Eq. (11), no spin-orbit interaction is found. This property could be of some interest for the study of the nucleon spectrum.
In the following Section 3, we shall obtain a similar equation for the case of physical interest (in hadronic physics) of two equal-mass interacting particles.
The two-body equal-mass quadratic equation
The case of two-body equal-mass systems is very relevant in different areas of subatomic physics. We recall the case of Positronium in QED and of the Deuteron in nuclear physics. Moreover, in hadronic physics we mention the ¯ systems, in particular charmonium and Bottomonium, whose properties have been conveniently studied by means of a potential model with momentum dependent interaction terms. In order to introduce our equation, as first step we write the quadratic equation for a two-body equal mass free system in the CM reference frame:
where p = p 1 = −p 2 is the CM relative momentum and M represents the invariant mass, i.e. the CM energy of the system. The previous equation admits positive and negative energy solutions. With the aim of obtaining the interacting wave equation with the correct nonrelativistic limit, that will be explicitly given in Eq. (25), we introduce the interaction by means of the following standard substitutions:
and
disregarding, as in the case of the Dirac Equation, the spatial part of the vector interaction. In this way the following equation is obtained:
that represents the central result of the present work. Note that, in this way, the scalar interaction V ( ) has been exactly introduced and does not require any approximated expansion, as, on the contrary, it is necessary in the standard treatment of Eqs. (1) and (3). Formally the previous equation also holds for very small, or vanishing, values of the constituent mass , opening the possibility of constructing light-quark constituent models. However, in this case, the form of the interaction operators V and V should be carefully studied considering their dynamical and relativistic properties. In any case, when developing a realistic model, a dependence on the spin and momentum operators must be introduced.
In the present preliminary study we only focus our attention on a simplified model with the interaction represented by central potentials, i.e. with V = V ( ) and V = V ( ). Obviously, this choice does not allow to reproduce some relevant aspects of hadronic phenomenology but, on the other hand, it can be expected that the leading contributions of the interaction operators are, in any case, represented by central potentials of this kind.
We shall now perform some algebraic transformations in order to write the same equation in the form of an energy dependent, Schrödinger-like equation. The following transformations can be applied only when the constituent mass is nonvanishing. To this aim we first subtract from the total mass M the masses of the constituent particles, defining:
Then, dividing both sides by 4 , with standard algebraic handling, the wave equation can be written as:
where the quantity (E) is defined as:
To avoid confusion, note that this definition has a different functional form with respect to D (E D ) given in Eq. (15); furthermore, in this case, the argument is E defined in Eq. (21) .
We now discuss some general aspects of our equation.
In the first place, we check the consistency of the model calculating the nonrelativistic expansion of Eq. (22) 4 . By replacing E , in these terms, with an approximated expression of the order 0 , we obtain a wave equation that is correct up to the order
. Practically, we substitute E with the corresponding operator of the orden 0 , that is:
Then, with standard handling, one finds the Schrödinger equation plus relativistic corrections, in the form:
where now the eigenvalue E is approximated up to the order −2 . In more detail, the first three terms of the l.h.s. represent the nonrelativistic contributions of the order 0 . The fourth term is the standard relativistic correction to the kinetic energy, of the order , is a momentum dependent relativistic correction specific of the scalar interaction; in fact, it can be also straightforwardly obtained by means of the mass replacement of Eq. (18) in the nonrelativistic kinetic operator . Further terms of relativistic corrections would be given by the (peculiar) adopted dynamical model also including the spatial part of the vector potential.
In the second place, we discuss the relationship of our model with other relativistic approaches. In general, relativistic wave equations for bound systems are derived performing a three-dimensional reduction of the BSE or, equivalently, considering, in the scattering amplitude, the box and crossed-box fourth order Feynman graphs. In this way a great variety of equations has been constructed. Some examples are given in Refs. [9] [10] [11] [12] [13] [14] . Obviously, for a given relativistic equation, the physical results strictly depend on the choice of the quasipotential that represents the interaction. In the present preliminary work, we shall not analyze in detail this point. We only try to reproduce, in Section 6, the general structure of the charmonium spectrum by using phenomenological scalar and vector potentials. The most relevant aspect of our model, defined in Eq. (20) is the quadratic character of of the equation that, at least in the free limit, gives rise to positive and negative energy solutions. The same property is found when a three-dimensional reduction of the BSE is performed. Let us consider, as an example, the analysis shown in a standard textbook [12] for the study of positronium. By using the instantaneous approximation for the interaction, the BSE is reduced to a three-dimensional equation in which the CM energy of the system (disregarding the interaction) is:
(In our notation, M stands for E and 2 + 2 for ω of Ref. [12] ). Note that our quadratic model also gives the two signs of the energy that, as shown in [12] , are related to the propagation of (++) and (−−) fermionic states. In that equation, the (+−) and (−+) states are completely suppressed, while, in another (similar) relativistic model [11] , they only appear as closed-channel, virtual states. In this way, our equation and the two models cited above do not admit spurious solutions with M = 0, avoiding the socalled continuum dissolution problem, discussed, for example, in Ref. [14] . Another interesting model with quadratic kinetic operators has been also proposed in the context of two-body Dirac equations of constraint dynamics [15] . The authors consider, for each particle, a Dirac-like equation. Then, these equations are coupled by the interaction terms. Furthermore, in that work a detailed theoretical discussion about the construction of relativistic equations is also given.
Concluding, we also mention that a specific aspect of our equation consists in the presence of the quadratic interaction terms V 2 ( ) and V 2 ( ). In the case of small coupling constants, their contributions would be negligible. On the other hand, for interaction operators with strong couplings, their effects should be carefully studied in the context of the adopted phenomenological model. Finally, the very simple and transparent procedure that is used to introduce the interaction can be easily generalized in order to construct realistic constituent quark models with relativistic interactions.
Relevant generalizations of the relativistic equation
In this Section we consider two interesting generalizations of our equation: in Subsection 4.1 a covariant version that can be applied in any reference frame will be given; in Subsection 4.2 a version of the equation for two particles with different mass will be studied. These generalizations are useful for further developments and applications of the model but are not necessary to understand the contents of the following parts of the paper. For this reason, the uninterested reader can skip the present Section.
The covariant form of the equation
This generalization is very relevant for the study of scattering processes of bound systems and, in turn, for determining their electroweak form factors. We recall that in these processes the bound system necessarily possesses different momenta in the initial and final state, so that a covariant formalism, that can be applied to a generic reference frame, is required. For convenience, we start this generalization by writing Eq. (20) of our model in the following form:
where W (M ) collectively represents all the terms containing the interaction:
To avoid confusion, we point out that the two-body CM reference frame, represents, in present context, the rest frame of the bound system.
We note that the relativistic transformation properties of the momentum can be more clearly analyzed than the transformation properties of the position operator. For this reason we shall write our equation in the momentum space. As first step, we introduce the rest frame, momentum space, wave function:
and the momentum space interaction matrix-elements:
Recall that, in general, W (M ) depends on , only through 2 , 2 and the scalar product · ; in particular, for the case local interactions, that we are presently considering, the dependence is on ( − ) 2 . With the help of the previous positions, the integral equation of our model in the momentum space takes the standard form:
We now pass to a generic reference frame, where the total 4-momentum of the system is P µ = (E P), with E = √ P 2 + M 2 . Furthermore, the intrinsic 4-momentum in the generic reference frame is taken as an on-shell quantity:
. Note that C M = . We also point out that µ can identified with 4-momentum of one of the two particles of the bound system. We now express the CM invariant quantities in terms of the 4-momenta of the generic frame:
and, consequently
The same equations hold for the primed momenta, replacing with and µ with µ . Furthermore, we can write:
In this way we can express the interaction matrix-elements as a function of covariant arguments:
We now make use of the covariant integration over :
so that the normalized wave function in the generic reference frame is: is finally written in a generic reference frame as:
where ( ) and ( ) are given by Eq. (32).
Clearly, this procedure spoils the locality of the model in a generic reference frame. However, in general, one can determine the spectrum of the system and the wave functions in the CM (performing the Fourier transformation to momentum space), then with the help of Eq. (37) one can obtain the wave functions in a generic frame in order to calculate the form factors of the bound system.
The case of two particles with different mass
This second generalization is mainly relevant for the study of D, D , B and B mesons, that are bound states of two quarks with different mass. This specific aspect of the hadronic phenomenology was thorougly studied in Ref. [7] . Here, we adapt that theoretical procedure to our relativistic equation. We recall that our generalized equation can be also used for the study of the baryon spectroscopy in the quark-diquark model [16, 17] , avoiding the use of stan-dard Hamiltonians with nonlocal kinetic terms. For this study, a similar technique was also used in the framework of other approaches [15, 18] . Here, we start by introducing for the two particles of mass ( = 1 2), their total energies E , so that, working in the CM reference frame, the eigenvalue equation for noninteracting particles (that replaces Eq. (17)) takes the form:
where, also in this case, represents the CM relative momentum, with the standard assumption p = p 1 = −p 2 . The interaction is introduced analogously to Eqs. (18) and (19) by means of the following substitutions:
Then, the mass of the system, i.e. its total energy in the CM, is standardly introduced as:
In order to construct a three-dimensional model, the energy difference of the two particles must be fixed. To this aim we use the following standard equation:
Note that for two equal-mass particles, each particle has the same energy, that is M/2.
By replacing the previous positions in Eq. (39), one finally obtains:
with
The last two equations represent the generalization of Eq. (20) . Note that the l.h.s. of Eq. (44) is now given by the function defined in Eq. (45). The value of the mass M can be found by applying to this specific equation the numerical technique discussed in Section 6.
The study of some analytic cases
A very relevant point of our equation is the possibility of determining analytic solutions that can be used as starting point for the study of realistic models.
To this aim we consider, for two equal-mass constituents, three special choices of the potentials that can allow to solve, with relatively simple calculations, the exact equations of Section 3. 
With this choice Eq. (22) takes the form
that is analogous to Eq. (16) . By introducing the effective energy-dependent mass as
Eq. (47) can be conveniently written in the form:
We have obtained a relativistic wave equation with the same structure of a standard two-body, equal-mass nonrelativistic Schrödinger equation, but now the factor µ(E) introduces the energy dependence of the relativistic model. In consequence, if one considers a potential U( ) for which the corresponding wave equation can be solved analytically, then the values of E for Eq. (49) are obtained by replacing with µ(E) in the expression of the nonrelativistic eigenvalues. Let us discuss the two following examples: a Coulombic potential plus a constant term and a harmonic oscillator potential. In the first case one has:
Recalling the standard eigenvalues of the nonrelativistic equation
by replacing with µ(E B ) of Eq. (48), with standard algebra one finds:
(52) being = 1 2 3 . The angular momentum quantum number is , with the condition ≤ − 1. For the case of a harmonic potential
one has the nonrelativistic energies in the form:
where N = 0 1 2 and the angular momentum is = N N − 2 N − 4 ≥ 0. Furthermore, ω is defined as:
Then, replacing the mass with µ(E) of Eq. (48) one finds:
that can be easily solved numerically for E N . We point out that in the two examples discussed above the degeneracy of the energy levels remains the same as in the corresponding nonrelativistic cases. V 2 ( ) and the eigenvalue is . Then, the energy of the system is determined solving algebraically, with respect to E, the quadratic Eq. (23) . Choosing the sign that gives the standard nonrelativistic limit, one has:
An analytic solution can be obtained for a potential with a Coulombic behavior:
In this case, by using a nonrelativistic result [23] , it can be found that the eigenvalues have the form:
where the integer = 0 1 2 has been introduced and ≤ represents the angular momentum quantum number.
Then E is calculated by means of Eq. (57). An analytic solution can be found [24] for a Coulombic interaction:
it has the form:
(62) with the integer = 1 2 3 and the angular momentum quantum number ≤ − 1.
A numerical application to the charmonium spectrum
In order to show a possible application of our model to a real physical system for which the relativistic effects are usually considered relevant, we now study, as an example, the general structure of the charmonium spectrum. By using, for the interaction, only central potentials, we shall not take into account the effects related to the spin-spin, spin-orbit and tensor interaction. These corrective contributions, that are extremely relevant for a detailed study of charmonium spectroscopy [5] [6] [7] [8] , can be introduced perturbatively carefully considering the Lorentz transformation properties of the interaction operators. The aim of the following analysis is only to demonstrate that our relativistic equation, with a local kinetic operator, can adequately reproduce the main structure of the charmonium spectrum for the low-lying resonances. No attempt is made here to study the details of this spectrum given by the corrective contributions nor to determine the quantum numbers of all the experimentally observed resonances. More precisely, we shall reproduce a limited set of wellestablished resonances, neglecting the mass splittings due to the corrective contributions of the interaction. Following the standard quark model assignments for the resonance quantum numbers, we consider the S-wave states with radial excitation number = 1 2 3. For the P-wave states we take = 1 2. The values of the masses (to be reproduced) for these resonances have been taken, for example, from Ref. [25] . For the D-wave states, we consider the resonances with = 1 2; in this case we directly try to reproduce the experimental values of the masses [26] of the ψ resonances at 3 773 GeV and 4 153 GeV. We now describe the specific numerical method for studying the charmonium spectrum by means of the energydependent relativistic model introduced in this work. To be definite, we shall refer, in the following, to the general Eq. (22) but the same method can be straightforwardly adapted to Eq. (49) of the Choice 1 and also, with minor changes, to Eq. (44) for the case of constituents with different mass. Our numerical method schematically consists in the following three steps. First, we recall that, in the CM, a two-body standard Schrödinger equation can be solved by means of a diagonalization-minimization procedure (DMP), that is by diagonalizing the Hamiltonian matrix in a basis of orthonormal trial wave functions. Furthermore, the dimensional parameter, on which the trial wave functions depend, is also varied and the minimization procedure is repeated, until the minimum value of the ground state energy is found. The radial wave functions of the variational basis [27] used in the present work have the following form: Third, by using the solution procedure described above, a fit is performed on the free parameters of the model, minimizing the quantity:
where equal weights have been assigned to all the charmonium resonances. The values of M have been taken according to the criteria discussed at the beginning of this Section. In this way the numerical values of the parameters that appears in V ( ) and V ( ) can be determined by the fit. In detail, we point out that, after some trials, an interaction with equal vector and scalar contributions, as given by Eq. (46), was chosen to reproduce the charmonium spectrum. Furthermore, the potential U( ) has been taken in the following form:
We note that the potential U( ) of the previous expression is vanishing for = 0 and tends to the finite value U 0 as → ∞. For this reason, that potential is not intended to reproduce confinement.
It depends on four free parameters: U 0 , the adimensional parameters κ and , and the length , related to the width of the potential.
Moreover, in order to reproduce the short distance behavior of the strong ¯ interaction, we have also introduced a Coulombic vector potential, in the standard form:
where α represents the strong effective adimensional coupling constant. The contributions of this interaction are calculated perturbatively.
We now show the numerical results of the calculation. Previously, we point out that two different strategies have been followed to assign the value of the charm quark mass .
In model a, we fix the interval for according to standard theoretical arguments for the current quark masses [26] , that is = 1 275 ± 0 025 GeV.
In model b, assuming that the constituent quark masses can be different from the current ones, we leave as a free parameter that is determined by the fit.
The results for M of the two models are given in the columns model a and model b of Table 1 . The obtained values for χ 2 are also shown in the last line of the table. As it could be expected, model b gives slightly better results than model a.
The values of the parameters of the two models, that are determined by the fit, are shown in the first two columns of Table 2 .
Finally, as a test of applicability for our numerical solution technique, we also study a possible intrinsic energydependence of the interaction. Physically, effects of this kind may be produced by the suppression of the mesonic degrees of freedom of the interaction fields [28] . We introduce the model c replacing U 0 in Eq. (65) in the following way:
withŪ 0 in GeV and λ in GeV 
Conclusions and perspectives
In this work we have studied a relativistic model for composite systems with two equal-mass constituents, also generalizing the same model to the case of two particles with different mass. The model contains a local kinetic operator. More precisely, this operator is quadratic in the relative momentum so that a Schrödinger-like wave equation can be constructed. This equation is considerably easier to solve than other nonlocal relativistic equations. As specific aspects of the present model, we note that quadratic potential terms are introduced; furthermore, for vector interactions, the effective potential contains an energy-dependent term and, also, the eigenvalue of our Schrödinger-like wave equation is algebraically related to the physical energy of the system. For some central potentials of special form, the analytic solutions have been easily obtained. Otherwise, the locality of the kinetic operator allows to find the numerical solutions without performing the Fourier transformation of the wave functions to the momentum space. A numerical method for solving our energy-dependent, local, wave equation has been developed.
As an example, a successful general description of the charmonium spectrum is obtained.
The model can be formally used to construct quark models with low-mass constituents, carefully considering the dynamical properties determined by the interaction terms. To this aim, spin-spin, spin-orbit and tensor interactions must be first consistently introduced.
